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1 introduction
Stokes aposteriori $\mathrm{v}_{\mathrm{e}\mathrm{r}}\mathrm{f}\ddot{\mathrm{u}}\mathrm{r}\mathrm{t}\mathrm{h}[7],$ $[8]$ Bank
[1] . , Navier-Stokes apoteriori Verf\"urth
[9] . , (error estimator) , mesh (mesh re-
finement) , .




-\iota \triangle u+\nabla p $=f$ in $\Omega_{0}$.
$\mathrm{d}\mathrm{i}\mathrm{v}u=0$ in $\Omega$ ,
$u=0$ on $\partial\Omega$ .
(1.1)
$\Omega$ $\mathrm{R}^{2}$ , $u=(u_{1}, u_{2})^{T},$ $f=(f1, f_{2})^{T}$ $\nu>0$ .
, $‘:_{T’}$’ . $H^{k}(\Omega)$ $k$ Sobolev , .
$H_{0}^{1}(\Omega)$ $\equiv$ { $v\in H^{1}(\Omega)$ ; $v=0$ on $\partial\Omega$ }.
$L_{0}^{2}(\Omega)$ $\equiv$ $\{v\in L^{2}(\Omega) ; \int_{\Omega}vdXdy=0\}$ .
$S$ $\equiv$ $H_{0}^{1}(\Omega)22\mathrm{X}L(0\Omega)$ .
$V$ $\equiv$ $\{v\in H_{0}^{1}(\Omega)^{2} ; \mathrm{d}\mathrm{i}\mathrm{v}v=0\}$.
$V^{\perp}$
$\equiv$ $\{v\in H_{0(}^{1}\Omega)^{2} ; (\nabla v, \nabla w)=0 w\in V\}$.
$(\cdot, \cdot)$ $\Omega$ $L^{2_{-}}$ , norm .
$|\cdot|0$ : $L^{2}(\Omega)$ -norm, $|v|_{0^{2}}= \int_{\Omega}v^{2}d_{X}dy$.
$|\cdot|_{1}$ : $H_{0}^{1}(\Omega)$ -seminorm, $|v|_{1}=|\nabla v|_{0}$ .
, $S\cross S$ bilinear form $\mathcal{L}$ :
$\mathcal{L}([u,p], [v, q])\equiv\nu(\nabla u, \nabla v)-(p, \mathrm{d}\mathrm{i}\mathrm{v}v)-(q, \mathrm{d}\mathrm{i}\mathrm{v}u)$ $[u,p],$ $[v, q]\in S$ . (1.2)
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2 inf-sup condition
(1.2) $\mathcal{L}$ , Stokes (1.1) :
find $[u,p]\in S$ such that
(2.1)
$\mathcal{L}([u,p], [v, q])=(f, v)$ $\forall[v, q]\in S$ .
, (2.1) $S$ unique solution . Stokes
“inf-sup condition” . inf-sup condition Lemma
$arrow r$
b . $\lfloor \mathrm{d}\rfloor$ li&2, $\mathrm{B}\mathrm{a}\mathrm{t}$ ) $\mathrm{u}\mathrm{s}\iota \mathrm{c}\mathrm{a}- \mathrm{A}\mathrm{z}\mathrm{l}\mathrm{Z}$ lnequallry $(\angle^{\vee}.\angle)$ , Korn $\mathrm{s}$ lnequallry, rrle $(\mathrm{l}\mathrm{r}\mathrm{l}\mathrm{c}\mathrm{n}\cdot \mathrm{s}$
inequality , $1/\beta$ .
$1/\beta<$ 2.614 ([3] conjecture optimal constant







[ $V$ $H_{0}^{1}(\Omega)^{2}$ , $H_{0}^{1}(\Omega)^{2}=V\oplus V^{\perp}$ .
$u\in H_{0}^{1}(\Omega)^{2}$
$u=w+u_{0}$ $w\in V$ $u_{0}\in V^{\perp}$
. , $\mathrm{d}\mathrm{i}\mathrm{v}w=0$ , $\mathrm{d}\mathrm{i}\mathrm{V}u=\mathrm{d}\mathrm{i}_{\mathrm{V}}u0\cdot\delta(u,p)$ , $v=w,$ $q=0$ ,
$\delta(u,p)\geq\frac{\nu(\nabla w,\nabla w)-(p,\mathrm{d}\mathrm{i}\mathrm{V}w)}{|w|_{1}}$.
, $w\in V$ $\mathrm{d}\mathrm{i}\mathrm{v}w=0$ .
$\delta(u,p)\geq\nu|w|_{1}$ . (2.6)
, $\delta$ $v=0$ ,
$\delta(u,p)\geq\frac{-(q,\mathrm{d}\mathrm{i}\mathrm{v}u0)}{|q|_{0}}$ $\forall q\in L_{0}^{2}(\Omega)$ .
Lemma 21 , $q$ $\mathrm{d}\mathrm{i}\mathrm{v}u0=-q$ , $\beta|u_{0}|_{1}\leq|q|0$ ,
$\delta(u,p)\geq|q|0\geq\beta|u0|_{1}$ . (2.7)
. $\delta=\delta(u_{P)}$, , (2.6), (2.7) ,
$|u|_{1^{2}}$ $=$ $|w|_{1}2+|u_{0}|12$
$\leq$ $\frac{\delta^{2}}{\nu^{2}}+\frac{\delta^{2}}{\beta^{2}}$
$=$ $( \frac{1}{\nu^{2}}+\frac{1}{\beta^{2}})\delta^{2}$ .
, Lemma 21 $P\in L_{0}^{2}(\Omega)$ $v\in V^{\perp}$
$\mathrm{d}\mathrm{i}\mathrm{v}v=-p$ , $|v|_{1} \leq\frac{1}{\beta}|p|0$
. $p=0$ $\mathrm{d}\mathrm{i}\mathrm{v}v=0$ , $P\neq 0$ .
$v\in V^{\perp}$ , $(\nabla u, \nabla v)=(\nabla u_{0}, \nabla v)$ .
$\delta(u,p)\geq\frac{\nu(\nabla u_{0},\nabla v)-(q,\mathrm{d}\mathrm{i}\mathrm{V}u0)+|p|02}{|v|_{1}+|q|0}$ .
,
$K= \frac{\nu(\nabla u0,\nabla v)}{|\mathrm{d}\mathrm{i}\mathrm{v}u0|0^{2}}$ $q=K\mathrm{d}\mathrm{i}\mathrm{v}u_{0}\in L_{0}^{2}(\Omega)$
, $\nu(\nabla u_{0}, \nabla v)-(q, \mathrm{d}\mathrm{i}\mathrm{V}u0)=0$ . $\mathrm{d}\mathrm{i}\mathrm{v}u_{0}=0$ $u_{0}=0$ ,
. , Lemma 21 norm (2.3) ,
$|u_{0}|_{1} \leq\frac{1}{\beta}|\frac{q}{K}|_{0}=\frac{1}{\beta}|K|^{-1}|q|_{0}=\frac{1}{\beta}|\mathrm{d}\mathrm{i}\mathrm{V}u0|_{0}$ .
,











$=$ $( \frac{1}{\beta}+\frac{\nu}{\beta^{2}})^{-1}|P|_{0}$ .
$\blacksquare$
3 aposteriori
Theorem 2.1 , inf-sup condition . ,
(2.1) , aposteriori
. , .
$\Omega\subset \mathrm{R}^{2}$ , $h$ $\mathcal{T}_{h}$ scale parameter . $h>0$
.
$X_{h}\subset H_{0}^{1}(\Omega)\cap C(\overline{\Omega})$ $u$ , $Y_{h}\subset L^{2}(\Omega)\cap C(\overline{\Omega})$
$p$ . , $X_{h}^{*}$ $X_{h}$ node
. $X_{h}^{*}$ ,
$X_{h}\subset X_{h}^{*}\subset H^{1}(\Omega)$ , $X_{h}\neq X_{h}^{*}$ .
, projection . $P_{0}$ $L^{2}(\Omega)$ X
$L^{2}$-projection, $\hat{P}_{0}$ $L^{2}(\Omega)$ $X_{h}^{*}$ $L^{2}$-projection, , $P_{1}$ $H_{0}^{1}(\Omega)$ $X_{h}$ $H_{0}^{1}(\Omega’)-$
projection .
, ([10]) . $w_{h}\in X_{h}$ , $\overline{\nabla}w_{h}\in(X_{h}^{*})^{2}$, $\overline{\Delta}w_{h}\in L^{2}(\Omega)$
:
$\overline{\nabla}w_{h}$ $\equiv$ $( \hat{P}_{0}\frac{\partial w_{h}}{\partial x},\hat{P}0^{\frac{\partial w_{h}}{\partial y})}$ ,
$\overline{\triangle}w_{h}$ $\equiv$ $\mathrm{d}\mathrm{i}\mathrm{v}(\overline{\nabla}w_{h})$





find $[u_{h},p_{h}]\in X_{h}^{2}\cross(Y_{h}\cap L_{0}^{2}(\Omega))$ such that
$\mathcal{L}([u_{h},p_{h}], [v_{h}, q_{h}])=(f, v_{h})$ $\forall[v_{h}, q_{h}]\in X_{h}^{2}\mathrm{x}Y_{h}$ .
(3.1)
, $X_{h}$ :
inf $|v-\xi|_{1}\leq C_{0}h|v|_{2}$ $\forall v\in H_{0}^{1}(\Omega)\cap H^{2}(\Omega)$ . (3.2)
$\xi\in X_{h}$
$C_{0}$ . (3.2) ,
. , $C_{0}$ $X_{h}$ . , - –
$C_{0}=1/\pi$ ([6]). , -
, [4] , $=$ $C_{0}=1/(2\pi)$ , ,
$C_{0}\leq 0.81$ .
$(_{-}\mathrm{q}9)j|\mathrm{a}\wedge-$ $\tau\backslash \gamma\cdot \mathrm{n}\mathrm{i}\mathrm{g}_{1}c\dotplus \mathrm{i}\mathrm{n}\mathrm{Y}1$ ’ $\Lambda 11\mathrm{b}_{\dagger}\mathrm{t}1-\mathrm{N}_{\dagger}+_{8}\rho \mathrm{b}$P’.q trirk - -




. , $\forall[v, q]\in S$ $\mathcal{L}$ .
$\mathcal{L}$
$\mathcal{L}([e_{h,h}\epsilon], [v, q])=\nu(\nabla e_{h}, \nabla v)-(\epsilon_{h}, \mathrm{d}\mathrm{i}_{\mathrm{V}}v)-(q, \mathrm{d}\mathrm{i}\mathrm{v}eh)$ . (3.5)
, $\forall[\xi h, q_{h}]\in X_{h}^{2}\cross(Y_{h}\cap L_{0}^{2}(\Omega))$
$\nu(\nabla u, \nabla\xi_{h})-(p, \mathrm{d}\mathrm{i}\mathrm{v}\xi_{h})-(q_{h}, \mathrm{d}\mathrm{i}\mathrm{v}u)=0$,
$\nu(\nabla u_{h}, \nabla\xi h)-(p_{h}, \mathrm{d}\mathrm{i}\mathrm{v}\xi_{h})-(q_{h}, \mathrm{d}\mathrm{i}\mathrm{v}uh)=0$ .
,
$\nu(\nabla e_{h}, \nabla\xi h)-(\epsilon_{h}, \mathrm{d}\mathrm{i}_{\mathrm{V}}\xi h)-(q_{h}, \mathrm{d}\mathrm{i}\mathrm{v}e_{h})=0$ .
, $\xi_{h}=0$ , $(q_{h}, \mathrm{d}\mathrm{i}\mathrm{V}eh)=0$ . ,
$\nu(\nabla e_{h}, \nabla\xi_{h})-(\mathcal{E}h, \mathrm{d}\mathrm{i}_{\mathrm{V}}\xi h)=0$, $\forall\xi_{h}\in X_{h}^{2}$ .
(3.5) ,
$\mathcal{L}([e_{h}, \mathit{6}_{h}], [v, q])$ $=$ $\nu(\nabla e_{h}, \nabla v)-(\epsilon_{h}, \mathrm{d}\mathrm{i}_{\mathrm{V}v})-(q, \mathrm{d}\mathrm{i}\mathrm{v}eh)-\nu(\nabla eh, \nabla\xi_{h})+(\epsilon_{h}, \mathrm{d}\mathrm{i}\mathrm{v}\xi_{h})$
$=$ $\nu(\nabla e_{h}, \nabla(v-\xi_{h}))-(\epsilon_{h}, \mathrm{d}\mathrm{i}\mathrm{v}(v-\xi_{h}))-(q, \mathrm{d}\mathrm{i}\mathrm{v}e_{h})$.
$e_{h},\hat{c}_{h}$ , Lemma 31 .
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$\mathcal{L}([e_{h},\overline{\mathrm{c}}_{h}]_{\mathit{1}}.[v, q])=\nu(\nabla(u-u_{h}), \nabla(v-\xi_{h}))-(P-p_{h}, \mathrm{d}\mathrm{i}\mathrm{v}(v-\xi_{h}))-(q, \mathrm{d}\mathrm{i}_{\mathrm{V}}(u-u_{h}))$
$=\nu(\overline{\nabla}u_{h}-\nabla u_{h}, \nabla(v-\xi_{h}))+\nu(\nabla u-\overline{\nabla}uh, \nabla(v-\xi_{h}))-(P-p_{h}, \mathrm{d}\mathrm{i}\mathrm{v}(v-\xi_{h}))+(q, \mathrm{d}\mathrm{i}\mathrm{v}uh)$
$=\nu(\overline{\nabla}u_{h}-\nabla u_{h}, \nabla(v-\xi_{h}))+\nu(-\Delta u+\overline{\triangle}u_{h}, v-\xi_{h})+(\nabla(p-p_{h}), v-\xi_{h})+(q, \mathrm{d}\mathrm{i}\mathrm{v}uh)$
$=\nu(\overline{\nabla}u_{h}-\nabla u_{h}, \nabla(v-\xi_{h}))+(f+\nu\overline{\triangle}u_{h}-\nabla p_{h}, v-\xi_{h})+(q, \mathrm{d}\mathrm{i}\mathrm{v}uh)$
$\leq\nu|\overline{\nabla}u_{h}-\nabla u_{h}|0|v-\xi h|_{1}+|\nu\overline{\triangle}u_{h}-\nabla p_{h}+f|_{0}|v-\xi h|0+|\mathrm{d}\mathrm{i}\mathrm{v}uh|0|q|_{0}$ .
$\xi_{h}\in X_{h}^{2}$ , $v=(v_{1}, v_{2})\in H_{0}^{1}(\Omega)$ $H_{0}^{1}$ -projection .
$\xi_{h}=(P_{1}v_{1}, P_{12}v)$ .
(3.8), (3.4) ,
$\mathcal{L}([e_{h}, \in h], [v, q])$ $\leq$ $(\nu|\overline{\nabla}u_{hh}-\nabla u|0+C0.h|\nu\overline{\triangle}u_{h}-\nabla p_{h}+f|0)|v|_{1}+|\mathrm{d}\mathrm{i}\mathrm{v}uh|0|q|_{0}$




$|u-u_{h}|_{1} \leq(\frac{1}{\nu^{2}}+\frac{1}{\beta^{2}})^{\frac{1}{2}}\delta(e_{h}, \epsilon h)$ ,
$|p-p_{h}|_{0} \leq(\frac{1}{\beta}+\frac{\nu}{\beta^{2}})\delta(e_{h}, \mathit{6}_{h})$ .
, Lemma 33





$\Omega$ $(0,1)\cross(0,1)$ , $\nu=1$ , Stokes :
$\{$
$-\Delta u+\nabla p=f$ in $\Omega=(0,1)\cross(0,1)$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}u=0$ in $\Omega$ .
$u=0$ on $\partial\Omega$ .
(4.1)
$\Omega$ . , $\hat{\Omega}_{k}$ , $L$ ,
$\Omega=\sum_{k=1}^{L}\hat{\Omega}_{k}$
.
x( $y$ ) $N$ . parameter $h$ $h=1/N$ .
1:
$X_{h}\subset H_{0}^{1}(\Omega)\cap C(\overline{\Omega})$ (piecewise $\mathrm{b}\mathrm{i}$-quadratic) .






– , – hat functlon . – $\hat{\Omega}_{k}$







$(x_{k}, y_{k})$ $(x_{k}+h, y_{k})$
3: element node numbers
, $\hat{\Omega}_{k}$ $\hat{\psi}_{1},\hat{\psi}_{2},\hat{\psi}_{3},\hat{\psi}_{4}$ node 1, node $0$
.
$(\hat{\psi}_{1}$ $=$ $\frac{1}{h^{2}}(x-x_{k}-h)(-y+y_{k})$ ,
$\hat{\psi}_{2}$
$=$ $\overline{h^{2}}\perp(x-X_{k}-h)(y-yk-h)$ ,
$\hat{\psi}_{3}$ $=$ $\frac{1}{h^{2}}(x-x_{k})(y-y_{k})$ ,
$\hat{\psi}_{4}$ $=$ $\frac{1}{h^{2}}(-X+xk)(y-yk-h)$ .
node plot , 4 . , support $(-1,1)\cross(-1,1)$
.
4: $\mathrm{b}\mathrm{i}$-linear base function
, – . – $\hat{\Omega}_{k}$
. local node , 9 .
$\hat{\Omega}_{k}$ 9 . node $\hat{\phi}_{1},\hat{\phi}_{2}$ , $\cdot$ . ., $\hat{\phi}_{9}$ , -
$\text{ }$ , node 1, node $0$ . ,
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5: element node numbers
$\{$
$\hat{\xi}_{1}(t)$ $=$ $\frac{4}{h^{2}}(-t+X_{k})(t-x_{k}-h)$ ,
$\hat{\xi}_{2}(t)$ $=$ $\frac{1}{h^{2}}(2t-2x_{k}-h)(t-Xk-h)$ ,
$\hat{\xi}_{3}(t)$ $=$ $\frac{1}{h^{2}}(2t-2x_{k}-h)(t-Xk)$ .
, $=$, node ( or or ) .scaling , 6\sim 8 . $X_{h}^{2}\cross Y_{h}$ a
posteriori , inf-sup condltlon .




$f_{1}$ $=$ $0$ ,
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8: node $\hat{\Omega}_{k}$
$f_{2}$ $=$ 8 $(10x-30x2+30_{x^{3}-}15x^{4}+6x^{5}-60Xy+180x^{23}y-120Xy$
$-15y^{2}+90xy^{2}-180x^{2}y^{2}+120x^{3}y^{2}+30y-60x33y-14y4+30xy^{4})$ .
. , $u=(u_{1}, u_{2})$
$u_{1}(x, y)$ $=$ $20x^{22}(1-x)y(1-y)(1 - 2y)$ ,
$u_{2}(x, y)$ $=$ $20y^{22}(1-y)X(1-x)(1-2x)$ .




Fujitsu $\mathrm{V}\mathrm{P}2600/10$ , NEC SX-3/44R . Fortran, (–
) . , , apos-
teriori , .
29
$C(u_{h},ph)$ , norm :











. $P$ , $p(\mathrm{O}, 1)=0$ . $||u_{h}||_{L\infty(\Omega)}\approx 0.52$ ,





14: ( 2) $p$
15: $u=$ ($u_{1}$ , u2)( 2)
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